
W58. In all triangle ABC holds


aha  2r

3a  b  cha  2r
 3
4
.

Mihály Bencze and Marius Drăgan.

Solution by Arkady Alt, San Jose, California, USA.

Let s be semiperimeter of ABC.Since ha  bc
2R

and abc  4Rrs

then ha  2r
ha  2r



bc
2R

 2r

bc
2R

 2r
 bc  4Rr
bc  4Rr

 sbc  4Rrs
sbc  4Rrs

 sbc  abc
sbc  abc



s  a
s  a  b  c  a

3a  b  c
and, therefore,


aha  2r

3a  b  cha  2r
 

ab  c  a

3a  b  c
.

Noting that ab  c  a  1
2
4ab  c  a  1

2

4a  b  c  a

2


3a  b  c
4

we obtain 
ab  c  a

3a  b  c
 1
4
 3a  b  c
3a  b  c

 3
4
.

Since in inequality ab  c  a  3a  b  c
4

hold iff 4a  b  c  a 

b  c  5a then equality in original inequality can be attained iff

(1)

b  c  5a

c  a  5b

a  b  5c

.But it is impossible because a,b, c  0 and (1)

implies a  b  c  0.

Thus, 3
4

isn’t attainable upper bond for 
aha  2r

3a  b  cha  2r
.


